We investigate a hybrid electro-mechanical system consisting of a pair of charged macroscopic mechanical oscillators coupled to a small ensemble of Rydberg atoms. The resonant dipole-dipole coupling between an internal atomic Rydberg transition and the mechanics allows cooling to its motional ground state with a single atom despite the considerable mass imbalance between the two subsystems. We show that the rich electronic spectrum of Rydberg atoms, combined with their high degree of optical control, paves the way towards implementing various quantum-control protocol for the mechanical oscillators.
Hybrid quantum systems are attracting increasing attention as fundamental building blocks for applications requiring the manipulation of quantum states, such as e.g. quantum information science and quantum metrology [1] [2] [3] . These systems come in many variations, including, e.g., ultracold atoms coupled to photons in high-Q optical cavities or in optical lattices, superconducting qubits coupled to microwave fields, NV centers coupled to photonic-crystal cavities, single atoms, artificial atoms, or photons coupled to mechanical oscillators, and many more. In this context, Rydberg atoms have been proposed to realize quantum interfaces with superconducting qubits or as a direct means to manipulate the spatio-temporal properties of photons [4] [5] [6] [7] [8] [9] . However, the realization of strong and scalable interactions in free space presents a formidable task. A promising technology to overcome this obstacle is offered by quantum interfaces based on electro-mechanical and magnetomechanical forces that can result in strong coupling in free space ,without the need for cavity mediated enhancement of the interaction [10] [11] [12] [13] [14] .
The rapid developments in quantum optomechanics provides attractive possibilities to tackle this challenge, by allowing to couple microscopic to macroscopic systems operating deep in the quantum regime [15] [16] [17] [18] [19] [20] [21] . Here we propose a scheme that exploits the remarkable properties of Rydberg atoms to dipole-couple one or more macroscopic mechanical oscillators to a small atomic ensemble in free space.
The strong electric dipole-dipole coupling between the Rydberg atom and the mechanics offers a number of distinct advantages [22] . First, it allows to implement a recycling scheme to cool the mechanics with a single atom, despite the large mass imbalance between the two subsystems. Second, it is possible to select Rydberg transitions such that the frequencies of the atomic transition and the mechanics are either perfectly matched, or adjusted precisely to enhance or inhibit specific aspects of the electro-mechanical coupling. Third, Rydberg level lifetimes are very long, allowing to operate in a regime where dissipation is negligible, thus enabling the coherent manipulation of the quantum state of the mechanics. Finally, using Rydberg-blockade interactions allows one to enhance the atom-photon cross-section. This makes it feasible to extend these properties to the single photon regime, realizing and ideal interface between single photons and single phonons. To illustrate these features we show how to generate large Fock states and number superposition states of a cantilever, as well as entangled states of a pair of oscillators.
The system -To set the stage we consider a hybrid system composed of two electrically charged tuning forkshaped cantilevers coupled to a single Rydberg atom, see Fig. 1 . Electric charges ±Q separated by an oscillating distance d(t) are located at the opposite tips of the cantilevers, and the atom is trapped in its motional ground state. The trap, with characteristic size a tr located at a distance R half-way between the cantilevers, with R (a tr , d) and we assume that it operates in the Lamb-Dicke regime. In this limit its position is fixed on the time scales considered in this work and recoil effects are negligible. Furthermore we assume that it can also trap the atom when excited in the Rydberg states of interest [23] . This system is described by the Hamiltonian
Here
accounts for the free evolution of the quantized mode of motion of the mechanical oscillator of frequency ω , with bosonic phonon annihilation and creation operatorŝ b andb † ,
where H 0 describes the relevant electronic energy levels of the atom, H tr its trapping potential, and H ext its interaction with one or more optical and microwave fields,
. a) Geometry of the atom-double cantilever system. b) Structure of the charged cantilever coupled to the blockaded ensemble containing a Rydberg elliptical excitation. c) Atomic energy levels and external fields for ground state cooling of mechanical resonator. d) Atomic energy levels and external fields for engineering of mechanical quantum state. e) Atomic structure to generate highly entangled cantilever state.
depending on the specific application being considered. H loss accounts for dissipation and decoherence due to coupling to external reservoirs, and V describes the interaction between the atom and the mechanics. It can be decomposed into two contributions, V = V ,at + V 12 , = {1, 2}, where the first term accounts for the electric dipole coupling between the cantilever and the atom
with E (t) the electric field generated by cantilever at the location of the atom and µ at the dipole moment of the atomic transition under consideration [24] . The third term V 12 , capturing the cantilever-cantilever coupling, is negligible, as briefly discussed later on.
The dominant contribution to E (t) is the dipole term, proportional to µ = Qd . For cantilevers aligned along the z-axis and located at z d from the atomic trap center we have [25] 
The static part of the potential (4) mixes oppositeparity states while preserving the total angular momentum along the direction connecting the two dipoles. To cancel the static field acting on the atom, we choose the geometry of Fig. 1a , where the two cantilevers have opposite dipoles, thus preserving the atomic non-interacting energy level structure. (We may still allow for a small imbalance in charge between the cantilevers in order to choose a polarization axis for the atomic dipole.) The time-dependent part of the electric field, resulting from the oscillatory motion of the cantilevers, drives the atomic Rydberg transition. Assuming the displacement to be aligned with the x-axis we have d (t) = d +x (t). In terms of phononic annihilation and creation operatorŝ x = x zp, (b +b † ) where x zp, = /(2m eff, ω ) is the zero point motion of the resonator mode with effective mass m eff, and frequency ω .
In the following we assume that the cantilever frequency ω is resonant with a single dipole-allowed Rydberg |s − |p transition, and that all other transitions can be neglected. To first order in (x zp, /d), the atomcantilever coupling reduces then to
where G = Qx zp, µ sp /(4π 0 R 3 ) with µ sp being the dipole matrix element of the |s − |p transition, and σ ab = |a b|. Within the rotating-wave approximation (RWA) Eq. (6) reduces to the Jaynes-Cummings interaction. Note that by tuning the charge on the cantilever, it is feasible to enter the ultra-strong coupling regime G ω in which case the RWA breaks down and we have to solve the full Rabi model. This regime could be used to study, e.g., spontaneous phonon generation from vacuum in analogy with the dynamical Casimir effect [26] .
Returning to the cantilever-cantilever coupling V 12 we have
The term proportional to d 2 is a global energy shift, the second and third terms may be absorbed in the definition of the displacements and the phonon exchange between the cantilevers is negligible compared to the atomcantilever interaction and will be ignored in the following [27] .
We can extend these results to the case of a small ensemble of N ∼ 100 trapped atoms, in which case the atomic Hamiltonian becomes H at → j H at,j + j>k V jk , where the inter-atomic coupling V jk can account either for non-resonant Van der Waals interactions, ∼ 1/r 6 jk , where r jk is the distance between atoms j and k, or Förster processes, ∼ 1/r 3 jk [22, 28] . If all atoms are initially in their ground electronic state |g and we operate in Rydberg-blockade regime, Ω L,R (C α /r α jl ), ∀{j, l}, α = {3, 6}, [29, 30] we can describe the atomic ensemble as a "super-atom" whose states are collective excitations (spin waves) of the form
Here a labels the relevant excited electronic state and the many-body ground state |G = |g 1 . . . g N denotes the collective ground state. We note that in this case the optical coupling of|G to some excited electronic state is enhanced by a factor √ N , see e.g. [31] . In the limit k Ψ a tr 1 the super-atom can then be treated as a single atom with effectively larger atom-photon cross-section, enabling a strong interaction with single photons [32] .
With recent progress in the nanofabrication of cantilevers from single-crystal diamond, mechanical oscillators of very small size and large stiffness have become available [33, 34] 
3 e. The dominant decay and decoherence mechanisms are the radiative decay of the atom, with a typical radiative linewidth of the order of Γ s,p /2π ∼ 10 KHz for Rydberg atoms with principal quantum number n ≈ 100, and scaling as n −3 . For the mechanics, quality factors of order Q ≈ 10 6 are achievable, corresponding to Γ m /2π = 578 Hz. The heating rate of the mechanical oscillator is independent of the mechanical frequency, Γ m,T = k B T /( Q) = 2 KHz for T = 100 mK.
Applications -In the remainder of this paper we discuss potential applications of this hybrid system, considering first cantilever cooling, and then several examples of quantum engineering of specific phononic states.
For cantilever cooling we consider the 4-level subsystem of Fig. 1c , with the atom interacting resonantly with cantilever 1, i.e. ω 1 = ω sp = ω 2 , while the interaction with cantilever 2 is off-resonant and can be neglected. The (super-)atom is driven by two classical laser fields of Rabi frequencies Ω i , frequencies ω i and wave vectors k i , i = {R, L}, see Fig. 1c , so that
We concentrate on the realistic situation Ω L , Ω R , Γ e G 1 , and neglect the radiative decay of the Rydbergtransition. This leads to a separation of time scales allowing us to describe the dynamical effects of H ext and V ,at separately.
Intuitively, the cooling process can then be understood as follows: For atoms initially in the ground state |g the resonant driving field Ω L nearly saturates the |g − |p transition, resulting in σ gg = σ pp ≈ 1/2, while the populations of the other atomic states remains negligible. The weak coupling G 1 between the cantilever and the excited Rydberg states then induces transitions from level |p to |s , with absorption of a phonon, at which point the strong field Ω R induces a rapid transition down to level |e , preventing the transfer of energy back to the cantilever. Spontaneous decay from level |e to |g finally resets the system and initiates the next cycle in the cooling process.
Assuming that the atomic populations remain in quasi steady state, one can estimate the effective damping rate of the cantilever phonon population to be of order G 2 1 /Ω L γ m . This indicates that the cantilever mode may be cooled to its ground state via interaction with even a single Rydberg atom. This is confirmed by a direct numerical solution of the associated master equation [37] , as illustrated in Fig. 2 [38] .
Once the cantilever is in its ground state, coupling to a Rydberg atom can be used to generate arbitrary phonon Fock states. A convenient way to achieve this uses the three-level scheme of Fig. 1d and an interaction of the form
where the optical fields are now time-dependent pulses, and we have added an additional coupling to a microwave field for future use.
Starting from the atom in its ground electronic state |g and the mechanics cooled to |m = 0 , a possible protocol to prepare an arbitrary phononic Fock state goes as follows: First, excite the atom to the state |p with a fast π-pulse Ω L (t). The state |p, m = 0 is then resonantly coupled to |s, m = 1 via the dipole-dipole interaction G 1 , resulting in a perfect exchange of excitation (neglecting dissipation) between the qubit {|s , |p } and the cantilever after an interaction time τ R = π/G 1 . Finally, the resulting Rydberg state |p is coupled back to |g by a fast π-pulse Ω R . By repeating that cycle it is possible to create an arbitrary Fock state |m , provided that its creation time is short compared to the inverse mechanical damping rate.
The coupling between the states |p, m and |s, m + 1 scales as
, satisfied even for large m using the above parameters, the total time required for the creation of an m-phonon Fock state is therefore approximately
Introducing a microwave field of Rabi frequency Ω µ (t) in addition to the pair of optical fields permits to prepare more complex superpositions of phononic Fock states, following the protocol originally proposed by Law and Eberly [39] . In one such example, the initial excitation of the atom to the |p state via a π-pulse Ω L (t) is followed by a partial transfer of excitation from the atom to the cantilever in a time π/(2G 1 ), resulting in the superposition [i(|p, 0 + i |s, 1 )/ √ 2]. A subsequent microwave π-pulse exchanges the atomic population in the Rydberg states to [(− |s, 0 − i |p, 1 )/ √ 2]. Within the RWA the state |s, 0 is not coupled to the cantilever and we observe an excitation transfer from the electronic state |p to the cantilever in time π/( √ 2G 1 ). The resulting state is (−1/ √ 2)(|s, 0 − |s, 2 ). Finally the atom is brought back to its ground state via a π-pulse Ω R (t). Note that for the protocol to work, it is important to have Ω µ G 1 . This is necessary in order to avoid having to turn off the resonant dipole-dipole coupling while performing the microwave transition. Figure 3 shows the result of a full numerical simulation of these 2 protocols, including mechanical damping and spontaneous emission. At low phonon occupation dissipation is mainly due to the atomic decay, with losses of order Γ s,p π/( √ mG 1 ). As the number of phonon increases, though, mechanical dissipation starts to dominate, as clearly apparent in subsequent cycle of the Fock state generation, see Fig. 3a . For the parameters of the simulations both target states are generated in a few microseconds. So far, the second cantilever was merely used to balance out the dc component of the electric dipole-dipole interaction. However, it can be used to generate entangled cantilever states [40] . Typically, though, the preparation of more complex quantum states requires increasingly complicated multilevel atomic schemes. We discuss one example, using the five-level atomic scheme of Fig. 1e , which permits the generation of a NOON state with N = 2. Here ω p1s = ω 1 and ω p2s = ω 2 . In this case the couplings from |g to |p 1 and |p 2 are provided by two-photon processes that combine Ω L and respectively Ω 1 and Ω 2 . In the first step of the protocol we assume Ω 1 = Ω 2 and generate the state (|0, p 1 , 0 +|0, p 2 , 0 )/ √ 2. This state is then transferred to the state [(|1, s, 0 + |0, s, 1 )/ √ 2] via the atom-cantilever interaction. Subsequent dissipation brings the atoms back to the ground state resulting in the state (|0, g, 1 + |1, g, 0 )/ √ 2. In the second step, the phase of one of the coupling lasers is inverted, giving, e.g. Ω 1 = −Ω 2 . This generates the state (|1, p 1 , 0 −|1, p 2 , 0 +|0, p 1 , 1 −|0, p 2 , 1 )/2, which is coupled via V 1,at + V 2,at to the state (|2, s, 0 − |0, s, 2 )/ √ 2. After transferring the atom back to the ground state we obtain our target state.
In conclusion, we have analyzed a hybrid system that couples a microscopic system consisting of one Rydberg atom to a pair of charged macroscopic cantilevers. We have derived the resonant dipole-dipole coupling between these systems, and found that it can be quite significant, in the MHz range. The experimental requirements to realize this system are within, or close to, presently available technology. We have proposed a scheme to achieve ground state cooling of the cantilevers, and discussed examples of quantum state engineering protocols that exploit the combined advantages of this coupling and the excellent coherent control over atomic systems. The spurious effects of dissipation and decoherence are kept manageable due to the long lifetime of Rydberg states and the availability of mechanical oscillators with high Q factor. In the future, we plan to investigate possible schemes to realize quantum state tomography and to exploit the blockade effect to propose a high efficiency single-photon to single-phonon transducer.
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